Abstract-This paper presents an innovative approach to extend the -parameter definition to multiport networks having conventional single-ended and differential ports, as is the case for operational amplifiers, transformers and baluns. To give maximum generality to this technique, for example, allowing for complex -parameter reference impedances, the mathematical derivation will be carried out with the most general definition of the -parameters. The presented approach gives the same results already published for circuits with differential ports only when the required simplifications are applied.
I. INTRODUCTION
T HE NEED of accurate experimental characterization of RF multiport differential circuits is dramatically increasing in today's communication market. Recent improvements in both device performances and system design techniques allow for the implementation of differential circuits and systems up to RF and microwave frequencies. In 1995, Bockelman and Einsenstadt [1] introduced so-called mixed-mode -parameters to extend the classical single-ended power wave theory [2] to the differential case. Since then, the characterization through mixed-mode -parameters has become rather common, either using traditional multiport vector network analyzers (VNAs) rather then dedicated mixed-mode ones [3] , [4] .
The theory shown in [1] , however very innovative, can only be applied to circuits whose ports are all to be considered as common differential. Therefore, it cannot be extended to hybrid networks having some port naturally to be seen as single ended, and others more effectively to be considered as coupled. A simple, but relevant example, is the operational amplifier, where the single-ended output voltage is normally seen as a combination of the differential and common mode input voltages through the corresponding gains. This paper generalizes the theory presented in [1] for a general -port network sketched in Fig. 1 , having an even number of ports coupled in a common-differential way, while the remaining are left single ended. The relationship between the traditional single-ended -port -parameters, and the generalized mixed-mode ones presented here will be derived. It will also be shown that the formulation presented in [1] can be seen as a reduced case of the new one. The new formulation adopts the pseudowave definition introduced in [5] , rather than the one used by Bockelman and Einsenstadt [1] , therefore, enabling it to be used with complex reference port impedances. This issue is rather common at high frequency, and implicitly assumed each time a VNA thru-reflect line (TRL) calibration is adopted on dispersive media [6] . This paper is organized as follows. In Section II, the generalized mixed-mode -port network is introduced, and the definition of coupled port -parameters is assigned. In Section III, starting from the traditional single-ended -port matrix, the new generalized mixed-mode representation is defined, while in Section IV, an application example, proving the effectiveness of the new description, is given. Some conclusions are drawn in Section V.
II. -PORT MIXED-MODE CIRCUIT
Let us consider the general -port network shown in Fig. 1 , and define the single-ended voltage and current state vector for the generic port as (1) where the symbol indicates the transpose operator.
The overall number of -ports is split in two different sets: the mixed-mode port set (left-hand side of the network box in Fig. 1 ) composed by the even number of -ports requiring the differential and common mode description, and the one given by the remaining single-ended ports (right-hand side of the network box in Fig. 1 ). On the generic port pair of the 0018-9480/$20.00 © 2006 IEEE mixed-mode port set, we define the differential and common mode voltages and currents according to [1] ( 2) and the corresponding mixed-mode voltage and current state vector
The expressions in (2) can be written in matrix notation as (4) (5) and the vector is defined stacking up the single-ended state vectors of port , , , and , respectively, (6) Choosing the -port reference impedances possibly complex (however, with positive real parts), we can define the forward and reverse pseudowaves at port according to [5] 1 (7) where is the reference impedance at port , is its real part, and is a free parameter whose only constrain is to have unitary modulus, from now on assumed to be 1. The port state vector in term of waves can be defined using (1) as follows:
where (9) Considering the port pair and of the mixed-mode port set, and introducing the reference impedances for the common and 1 This is not only the most general definition of waves, but also the only consistent definition with the measurement provided by network analyzers, as explained in detail in [5] . In the Appendix, the alternative power wave definition [2] , [5] will be assumed, and the modifications occurring in this formulation will be shown. mode differential and , respectively, the mixed-mode pseudowaves are defined as (10) where and are the real parts of and , respectively. From (10) and (4), the mixed-mode state vector is (11) where (12) Defining the overall wave state vector of the -port pair as (13) from (6) and (8) 
which are the same expressions reported in [1] . It is worth noting that, in this simplified case, the mixed-mode waves and are only dependent on their single-ended counterparts; that is not true in the general case. For example, if a unique normalization resistance is adopted (e.g., ), we obtain
and, therefore,
To obtain the overall generalized mixed-mode wave state vector , we combine the vectors, relative to the mixed-mode ports, together with the ones relative to the single-ended ports
The original single-ended overall state vector is defined as while is the identity matrix relative to the single-ended ports. The description given by (23) is far more general than the traditional one based only on differential mode parameters; in fact, it can be extended to networks with differential and single-ended ports. Besides, as will be shown in Section III, it brings the relationship between the single-ended and generalized mixed-mode -parameters to a general form.
III. GENERALIZED MIXED-MODE MATRIX
By introducing the and generalized mixed-mode wave vectors, which combine the mixed-mode port set and the remaining single-ended ports
we can define the generalized mixed-mode scattering matrix such as
The aim here is to find the relationship between the generalized mixed-mode scattering matrix and the conventional singleended one that links the forward and reverse vector waves. To achieve our goal, the vector defined in (21) must be properly reordered with a set of matrices having all null elements apart a single "1" for each row as follows: By collecting them into a permutation matrix , we find (28) In a similar way, we also introduce other two matrices elsewhere elsewhere (29) and combine them into another permutation matrix to reorder the whole single-ended wave state and obtain the swapped state (30) From (23), (28), and (30), we obtain the relationship between the reordered single-ended state and the corresponding generalized mixed-mode one (
By splitting into four squared submatrices,
we find (33)
Finally, from (26) and (33), and by using , the direct and inverse transformations linking to become
Equation (34) represents the generalized form of the singleended to mixed-mode scattering matrix transformation given in [1, eq. (7)]. In fact, if the circuit has four common-differential ports only, and once again it is assumed and , we obtain (36) where is the null matrix and (34) becomes, as expected, . In the special case of circuits with only classical singleended ports, the matrix is the identity matrix, , , and (34), as expected, gives . However, (34) and (35) can be used with any number of ports, and with whatsoever, even complex, reference impedances.
The generalized matrix can be split into nine submatrices highlighting the self-and cross-coupling between the differen- tial, common, and single-ended mode as reported in the following expression:
(37) where the and sub-matrix subscripts refer to the differential, common, and single-ended modes, respectively.
IV. EXAMPLE
The operational amplifier is a typical simple case of a circuit with two input coupled ports and a single-ended output port. To properly study this circuit, we adopt the simplified model shown in Fig. 2 . The reference impedance for the two input ports is assumed unique , however, different from the one of the output port . With this assumption, the 3 3 single-ended matrix has the following elements:
As expected from the classical single-ended approach, the information regarding the differential and common mode amplification is all together embedded within the -and -parameters, and the common and differential contributions cannot be easily recognized and separated. Using the above results, it is simple to transform into the corresponding new mixed-mode matrix. In this particular case, the sub-matrices defined in (37) are simply the elements of , and are given by (39) The differential and common mode amplifications are separated as highlighted by (39) that show the absence of cross-mode components at the operational amplifier output. Furthermore, the elements and only depend on and , respectively, showing in the most straightforward way the separated contributions of the input differential and common mode to the single-ended output port. Proceeding with some simplifications: matched output port and a common reference impedance for all ports , we find
Finally, assuming the traditional mixed-mode reference impedances , , we find
This expression points out once more the effectiveness of the proposed approach, compared with the traditional one based on the classical single-ended -parameters, which, in the same conditions, would have given
V. CONCLUSIONS This paper has presented an innovative approach that introduces the generalized mixed-mode -parameters starting from the single-ended ones. These novel parameters allows for a consistent representation of networks with differential and singleended ports with real or complex reference impedances. The new approach is fully consistent with the classical mixed-mode -parameter theory when the required simplifications are applied. The method effectiveness, together with its capability to immediately identify the common and differential mode effects, has been proven on a test circuit having both classical singleended and mixed-mode ports.
APPENDIX
Alternative definitions to (7) and (10) have been proposed by [2] (43) where is the normalization impedance and is its real part. Despite these definitions have been demonstrated to be incompatible with the experimental data in presence of complex normalization impedances [5] (e.g., when TRL calibration on dispersive media is adopted), they are rather popular, and reduce to (7) for real normalization impedances. The only variations on the formulation concern the matrix that have to be evaluated according to (43), and becomes (44), shown at the top of this page.
